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1 Introduction 

Let i? be a compact Riemann surface with genus g > 1. Denote by Teich(i?) 
the Teichmiiller space of R. There are two canonical invariant metrics on 
Teich(i?), namely, the Teichmiiller and Weil-Petersson metrics. By Bers em- 
bedding one can regard Teich(i?) as a bounded domain of holomorphy in 
q39-3 jjgj^cg ii; carries four classical invariant metrics: the Caratheodory, 
Bergman, Kobayashi and Kahler-Einstein metrics. Royden's theorem [12] 
states that the Teichmiiller metric coincides with the Kobayashi metric. The 
Weil-Petersson metric is incomplete (cf. [6], [15]), while all the other metrics 
are complete since the Caratheodory metric is (cf. [3]). Recently, McMuUen 
[7] introduced a new invariant metric gi/i equivalent to the Teichmiiller met- 
ric in order to prove that the moduli space of Riemann surfaces is Kahler 
hyperbolic. By using the McMullen metric, Liu, Sun and Yau [5] proved the 
equivalence of the Teichmiiller and Kahler-Einstein metrics. In this paper, 
we use McMullen's gi/i metric and Takhtajan-Teo's Kahler potential of the 
Weil-Petersson metric [13] together with the classical L^— estimate to show 
the following 

Theorem 1.1. The Bergman and Teichmiiller metrics are equivalent on 
Teich(i?). 

Throughout the paper, A = 0{B) means A < CB and equivalence A ^ B 
means ^B < A < CB where C > is a uniform constant on Teich(i?). 

It is also interesting to invest the boundary behavior of the Bergman 
kernel and metric if we regard Teich(i?) as a bounded domain in C'^^~^. Let 
Kt denote the Bergman kernel function, let dists be the Bergman distance 
and 6t be the Euclidean boundary distance. We have 
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Theorem 1.2. (i) Kt > C {5t\ log 5t\)~'^ ; (ii) Given Xq e Teich(R), we 
have distBiXg, •) > C\ log^yl. 

Remcirk. Ohsawa [10] has showed Kt{X) — > oo as X — > dTeich.{R). 

2 A review of Teichmiiller theory 

In this section, we review some basic definitions in the Teichmiiller theory, 
for more detail, see [7]. 

A Riemann surface R is called hyperbolic if its universal covering is the 
upper half plane H. The Poincare metric \dz\/lmz on H descends to a com- 
plete metric on R with constant curvature —1, which is called the hyperbolic 
metric. 

Let Rhe a, hyperbolic Riemann surface. A Riemann surface X is marked 
by R if it is equipped with a qusiconformal homcomorphism f : R ^ X. Two 
marked surfaces (Xi,/i), {X2, are equivalent if /2 o f^-^ is homotopic to 
a conformal mapping of Xi onto X2. We call the set of all such equivalence 
classes [X,f] the Teichmiiller space of R and denote it by Teich(i?). The 
Teichmiiller distance between two points Pi — [X^, fj],i — l,2m Teich(it!) is 
defined by 



where h is taken over all quasiconformal mappings of Xi onto X2 which are 
homotopic to /2 o /f^ and K{h) > 1 denotes the maximal dilatation of h. 
The Teichmiiller space is topologically a cell. 

Given X E Teich(/?), let Q{X) denote the Banach space of holomorphic 
quadratic differentials (p = 4>{z)dz^ on X with 



Let B{X) be the space of L°° measurable Beltrami differentials ji = fi{z)dz/dz 
on X. A tangent vector v G TxTeich{R) is represented by a /i e B{X) and 
its Teichmiiller norm is given by 
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We have the isomorphism 



TxTeich{R) = B{X)/Q{X)^ 

and ||/x||t gives infinitesimal form of the Teichmiiller distance. 

A projective structure on X is a subatlas charts with Mobius transfor- 
mations as transition functions. The space of all projective surfaces marked 
by i? is a complex manifold fibering over Teich(i?), which will be denoted 
by Proj(i?). By Fuchsian Uniformization, there is a canonical section ap '■ 
Teich(i?) Proj(i?). Each fiber Projj(^(i?) over X G Teich(i?) is an affine 
space modeled on the Banach space P{X) of all holomorphic quadratic dif- 
ferentials on X with 

sup < oo. 

X 

Teich(i?) has a complexification defined by 

QF{R) = Teich(i?) x Teich(E) 

where R is the complex conjugate of R. The real-analytic map ap naturally 
induces a holomorphic map 

a : QF{R) Proj(i?) x Proj(E). 

Denote by a{X,Y) = {aQF{X,Y),aQF{X,Y)). The Bers embedding /3y : 
Teich(i?) — > P{Y) is given by 

PY{X)^aQF{X,Y)-aF{Y). 

One has the following well-known theorem 

Theorem 2.1. The Bers embedding maps Teich(i?) to a bounded domain 
in P{Y) which is contained in the ball with radius 3/2. 

3 Weil-Petersson metric 

Let R he a compact Riemann surface of genus g > 1. The Weil-Petersson 
norm on the cotangent space Q{X) = r^Teich(i?) is defined by 

11011^= [p{z)-'\<P{z)\W. 
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By duality, one gets a Riemann metric gy/p on the tangent space of Teich(it!). 
Furthermore, it is a non-complete Kahler metric of negative sectional cur- 
vature (cf. [6], [14]-[16]). It follows from the Cauchy-Schwarz inequality 
that 

\\v\\wp < '2\J'iT{g - 1)\\v\\t 
holds for any tangent vector v on Teich(i?). Recall that 

(3x ■■ Teich(:R) ^ Q(X) ^ TJ^Teich(i?). 

It was shown by McMuUen that for any fixed Y e Teich(i?), the 1— form 
Px{Y) is bounded in the Teichmiiller and Weil-Petersson metrics and satisfies 
dPx(y) — iuJwp where cuwp is the Kahler form of gwp (cf. Theorem 1.5 in 
[7]). Moreover, Takhtajan and Teo found a real- analytic function Sy on 
Teich(i?) coming from the Liouville action in string theory such that 

-(3x{Y) = apiX) - agpiX, Y) = ^dSy 

(cf. Corollary 4.1 in [13]), which implies —^Sy is a Kahler potential for the 
Weil-Petersson metric with 

dd{-Sy) > CdSydSy (1) 

for suitable constant C > 0. 



Given a hyperbohc geodesic 7 on R, let 1^{X) denote the hyperbohc length 
of the corresponding geodesic on X e Teich(i?). The length function is very 
useful in the Teichmiiller theory. For instance, it relates the Teichmiiller 
metric as follows 

||91og/,||T<2 (2) 



(cf. Theorem 4.2 in [7]). Let Log : R+ —>■ [0, 00) be a smooth function such 
that 

' logt iit>2 
if i < 1. 



Log(t) = 

McMuUen [7] defined a new invariant Kahler metric by 

gi/i = 9wp - 5 J2 ddhog- 



e 



4 



where the sum is over primitive short geodesies 7 on X; at most Sg — 3 terms 
occur in the sum. 

Theorem, (cf. Theorem 5.1 in [7]) For all e > sufficiently small, there 
exists a 5 > such that gi/i is equivalent to the Teichmuller metric. 

Set ^ 

^ = -^-5 Log-. 

Proposition 3.1. There is a constant C > such that 

gi/i = dd^p > Cd^pd^. (3) 

Proof. It suffices to show the inequality in (3). For any e/2 < 1^{X) < e, 
one has 

||aLog(e/g||r< sup |Log'(t)| • f ||aiog/^||r = 0(1) 

te[e/2,€] h 

by (2). By (1), (2) and the above theorem, the desired inequality follows 
immediately from the Cauchy-Schwarz inequality. 

4 Proofs of Theorems 1.1 and 1.2 

Let M be a complex manifold of dimension m. Let TYi denote the space of 
holomorphic m— forms s on M such that 



s As 

M 



< 1. 



The Bergman kernel on M is defined by 

Km{z) = sup{s A s{z) : s E Hi} (4) 

where Si A Si{z) < S2 A S2{z) means the ratio of the left and right sides is 
bounded by 1. If Km is nowhere vanishing on M, one can define the Bergman 
metric by dsj^ := ddlog Klj where 

Km — K*^dzi A ■ ■ ■ A dz^ A dzi A ■ ■ ■ A dz^ 
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in local coordinates (note that the definition of ds\j does not depend on the 
choice of coordinates hence is globally defined) . It has the following extreme 
property: 

dsM{z;v) = } sup{ \ds*{v)\^{z) : s eHi, s{z) = 0, 

s = s*dzi A-- - AdZn } (5) 

for all V e T^M. 

By Royden's theorem [12], given Xq e Teich(i?), there is an embedded 
polydisk 

i : (A=^^-^ 0) ^ (Teich(i?),Xo) 

such that the Teichmiiller(=Kobayashi) and Euclidean metrics are equivalent 
on A^^~^. For any s e Hi with s ^ s*dzi A ■ ■ ■ A dz^gs in A^^~^, we obtain 
from Cauchy's estimate that 

\d"s*/dz''{0)\ = O{l) (6) 

holds for any multi- indices a. Let xjj be as in section 3. By McMuUen's 
theorem and Proposition 3.1, one has 

mX)-iP{Xo)\ < f sup \\dilj\\T]dT{Xo,X) 

\Teich(il) / 

< 0(dT(Xo,X)). 

Thus there exists a constant Cq > independent of Xq such that 

l{A'<^-') G{Xe Teich(i?) : - V'(Xo)| < Cq}. (7) 

Set 

A(X) = -e-T(V'W-V'(^o))_ 

By (3), one has 

C\ 

ddX = -—{2dd7/; - Cdipd^) 
> -—dd^^-—gi/i. 
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Hence by (7), we find a constant C" > independent of Xq such that 

^^A > C'dd\z\^, on A^^-l (8) 

Let us recall the following well-known L^— estimate: 

Theorem, (cf. [2], [9]) Let M be a complete Kdhler manifold of dimen- 
sion m and let ip he a C°° strictly psh function on M . Then for any d— closed 
(m, 1) form w with l'"^laa<^6~'^c?V^ < oo, there is an m-form u on M such 
that du — w and 

[ uKue-'P < I Hlge-^dV^ 
Jm Jm ^ 

where dV^ denotes the volume with respect to dd(p. 

Let X : R — [0, 1] be a smooth function such that x| (-00,1/2] = 1 and 
x|[i,+oo) — 0. Set w — z°'dxi\z\) A dzi A • • • A dz^g-^. Applying the above 
theorem for M = Teich(i?) with respect to the regularization of the following 
psh function (f from above (cf. [11]) 

ip^NX + 2{3g - 3 + \a\)xi\z\) log \z\ 

for sufficiently large constant A^, we obtain a form u on Teich(i?) satisfying 
du — w and 



/ u Aue 

jTeich{R) 



0(1) 



because of (7), (8). Then we obtain a holomorphic 3g — 3 form s on Teich(it!) 
by setting s — z"x{\z\)dzi A • • • A dz^gs — u such that 

^(0) = 1, ^(0) = 0, V \P\ < \a\, and H^H^ = 0(1) (9) 

since (p < and cp ~ 2{3g — 3 + \a\) log \z\ near 0. By (4), (5), (6) and (9), 
the proof of Theorem 1.1 is complete. 

Before proving Theorem 1.2, let us recall the following 

Definition, (cf. [1]) Suppose that (M, cj) is a complete Kahler manifold 
of dimension m. We say that (M, uu) has bounded geometry if and only if for 
each xo e M there exists an embedded polydisk 

t:(A-,0)^(M,xo) 
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such that the Euchdean metric and u are equivalent on A"* and for any 
integer /, there is a constant > such that for any multi- indices a, (3 with 
+ < / we have 

on A"* where u) = Y^gndzidzj. 



<Ci 



By extreme properties of the derivatives of the Bergman metric similar 
as (4), (5), it is not difficult to verify that the Teichmiiller space equipped 
with the Bergman metric has bounded geometry. According to the Schwarz 
lemma of Yau (cf. Theorem 3 in [17]), one has 

where dVxE and dVs denote the volume forms of the Kahler- Einstein and 
Bergman metrics respectively. Now we view Teich(i?) as a bounded domain 
in C^^~^ equipped with the canonical coordinate C,. If we write 



then 



dVKE^VKE{C)mC?f'-\ 
VKE>C{5T\\0g5T\)-'' 



(cf. [8]). Note that 

^Teich(i?) = K:^^^^^(^R)dzi ^ ■ ■ ■ ^ dz'ig.'i ^ dzi ^ ■ ■ ■ ^ dz^g_:i 

= KrdCi A • • • A o?C35-3 A dCi A • • • A ^(35-3, 

which implies 

i^T = i^Tcich(i?)-|det(92;,/9a)p. 
Since the Bergman and Teichmiiller metrics are equivalent, one has 

(mI^ X |det(9.,/9a)rxX,. 

Hence Vke = 0{Kt), verifying (i) of Theorem 1.2. 

Since det{dzj/d(k) is nowhere vanishing on A^^~^, we can take a single- 
valued branch of / of \ogdet{dzj / d(k) ■ Applying the Schwarz-Pick lemma 
to the holomorphic map / : A^^~^ — ^ {w G C : |Imw| < tt}, we obtain 

l|5/llw(^o)=0(l). 
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which imphes 

WdlogRTHQBlogKri^o) 

= 0(||aiog/rT^,i,h(ij)llaa|.p(^o) + ||a/|Ua|,p(Xo)) = 0(1). (10) 

The assertion (ii) then follows from (10) and (z). 

Remark. By (10), the function r = —e^'^^°^^'^ = —K^^ is a bounded 
strictly psh exhaustion function on Teich(i?) for sufficiently small r > 0. 
Clearly 

holds for suitable C, ci, C2 > 0, since trivially one has Kt = 0(5^^^^^). Some 
bounded psh exhaustion functions without estimate were given in [4], [18]. 
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